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The main electromagnetic characteristics of the noncoplanar system of two narrow strips with
parallel edges are investigated. They are determined on the basis of the integral equation technique,
using the local coordinate systems. Analytical expressions of the longitudinal and transverse surface
current densities are presented. They are validated by passing to the limit of a single strip and allow
both analytic and numerical examination of the strip interaction. By using the obtained expressions, the
field in the far zone, the scattering cross section and the scattering coefficient are deduced. These
expressions are sufficiently simple and convenient for numerical calculation.
1. Introduction
The systems of strips are widely used in
various branches of physics and technology.
In particular, they are applied in antenna tech-
nology, electronics, technical metrology, nu-
clear technology, acoustics and so on [1, 2].
Many authors deal with problem of the elec-
tromagnetic wave scattering by such structures
(see ref. in [1-9]). The aim of this paper is to
obtain the main scattering characteristics, such
as the field in the far zone, the scattering cross
section and the scattering coefficient [1]. The
problems of scattering of a plane linearly po-
larized monochromatic wave by the system of
N noncoplanar strips have been considered
in [6, 7]. The asymptotic expressions for the
surface current densities have been found for
the case when the wave length of an incident
wave is large compared to the dimensions of
the strip cross-section. The obtained expres-
sions have been validated by passing to the limit
of large distance between strips as compared
to the strip width and can be directly applied to
the calculation of the main electromagnetic
characteristics for the narrow strip systems.
First of all, we deduce the main electromag-
netic characteristics of the simplest two-strip
system and examine them.
2. The Problem Formulation
and General Expressions
Let us consider a system of two noncoplanar
flat strips with parallel edges, so that the cross-
sectional view (in xOz plane) presents two seg-
ments ( , ),m m mS a a= −  1,2,m =  which are lo-
cated arbitrarily (see Fig. 1). The strips are as-
sumed to be perfectly conducting and absolutely
thin. The system is excited by a plane linearly
polarized monochromatic wave.
In the case of E-polarization (the electric vec-
tor E
r
 is parallel to the strip edges) we have the
Fig. 1. The cross section of the simplest two-strip system
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following expression for the unique component
of the electric field strength:
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where k is the wave number, r and θ are general
polar coordinates in the xOz plane, 0θ  is the
angle between the direction of incident wave
and x-axis, 10 ( )H z  is the Hankel’s function (which
is the free space Green’s function),
2 2( ) ,m m mR x x z= − +   m mx Oz   is the local co-
ordinate system with the origin in the center of
the m-th segment. The physical sense of the un-
known functions 0 ( )m xϕ  is as follows [1]:
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where ( )yj x  is the surface current parallel to the
edges of the m-th strip (the longitudinal current).
In the case of H-polarization (the vector H
r
 is
parallel to the strip edges) for the unique component
of the magnetic field strength we have the formula:
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where 0
0
,
µη=
ε
 0µ  and 0ε  are the magnetic and
electric constants, 0 ( )m xψ  are the unknown transverse
currents in the strips perpendicular to their edges.
The longitudinal and transverse currents are
excited by the plane linearly polarized monochro-
matic electromagnetic wave and themselves ex-
cite the scattering electromagnetic fields. To find
the unknown functions 0 ( )m xϕ  and 0 ( )m xψ  it is
necessary to satisfy the boundary conditions
0.
m
y S
E =  Using these conditions, we deduce two
systems of singular integral equations, which are
presented in a more general form in [6, 7]. There
are many numerical methods for solving such in-
tegral equations [8-11], but an asymptotic ap-
proach was used in [6, 7] and the following
asymptotic expressions were adduced:
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the distance between the centers of the segments; the
magnitude mε  depends on the main frequency pa-
rameters mχ  and kρ  and it is defined by the formula
(1)
0 ( )
.
2 ln
4
m
m
H ki
i
pi ρ
ε = − γχ (6)
To write the expressions (3)-(6) we have chosen
a general coordinate system in the following way:
the x-axis passes through the segments centers, the
latter being equidistant from the z-axis (see Fig. 1).
The second addend in expression (3) is deter-
mined by the coefficient 1 :mϕ
(1)
1 0 (3 )0 3 12 cos( ) cos ( ),2m m m m m
iiM H k
− −
ϕ = θ −α − ϕ α ρ
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here mα  is the angle between the mx -axis and the
x-axis. The expressions (3) and (4) are confirmed
by passing to the limit ρ → ∞  and are very simple
and convenient for numerical calculation. They
allow both numerical and analytical examination
of the mutual influence between the strips [12, 13].
In particular, using the formula (5), it is easy
to obtain the expression
2 4
10 1 2 1 1 1 2 2 1 2 ( ),Oϕ = ϕ − ϕ ε + ϕ ε ε − ϕ ε ε + ε
where ( )
2
,
ln 4
m
m
m
M
i
− piϕ =
γχ
 1 2max( , ).ε = ε ε  It de-
scribes the process of multiple reflection. Really,
the first addend of this asymptotic expression is
associated with a separate strip. It is equal to the
main term of asymptotic expression for a single strip
in case of large wavelengths. The other addends are
associated with the mutual influence. The second
addend, the main term of interaction, has two fac-
tors. The first one is the leading addend for another
strip and the second factor is 1ε  (see expression
(6)), which depends on the distance between the
strips and tends to zero as the distance increases.
Thus, this addend describes the simplest influence
of the second strip. The third addend has three fac-
tors: the first one is the same as the main term, two
another tend to zero at large distances. Hence, it
presents the simplest influence the first strip on it-
self by means of the second strip.
3. Scattered Fields in the Far Zone
To examine the electromagnetic field induced
by the strips currents in the far zone, let us sup-
pose that the distance from the system of seg-
ments to the point of observation is large as com-
pared to the wavelength of the incident wave.
For this reason, we use the following transforma-
tions of the coordinates:
1 1 1cos cos( ),2x r
ρ
= α + θ + α
1 1 1sin sin( ),2z r
ρ
= α + θ + α
2 2 2cos cos( ),2x r
ρ
= − α + θ − α
2 2 2sin sin( )2z r
ρ
= α + θ − α
and the asymptotic expressions for the Hankel’s
function [14]
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Returning to the expressions (1) and (2), let
us consider only the scattered field. Since
1
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m
R r x
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 
= − θ +   Ο  where mr  and mθ
are the local polar coordinates of the point of ob-
servation and x is variable of integration, we have
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ϕ = ϕ∫     and   1
1
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−
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are the Fourier images of the surface currents in
the m-th strip, cos .m m mλ = χ θ
The vectors of the electromagnetic field then
can be represented in the form:
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where ( )A θ  and ( )B θ  characterize the depen-
dence on polar angle. Therefore, we should re-
place every local polar coordinate system ,mr  mθ
by the general system r, .θ
Applying the law of cosines for the triangle
( , , )m mr r ρ  (see Fig. 1)
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It should be noted that for   1kr ?    1 1θ ≈ θ + α
and 2 2.θ ≈ θ − α
Now we investigate the Fourier transforms
of the surface currents. In order to find their
asymptotic expressions we use the formu-
las (3) and (4). Performing the transforma-
t ion,  we need to examine the integrals
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These expressions can be successfully used
for numerical calculation. As an example, we
apply the expression (7) for the system with
the frequency parameters 1 0.1,χ =  2 0.08,χ =
2.5kρ =  and 5. The numerical results are pre-
sented in Fig. 2, where the dependence of
( )A θ  on polar angle θ is shown in the polar
coordinate system. The values of ( )A θ  are
displayed using the Cartesian coordinate
axes.
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4. Scattering Cross Section
The scattering cross section is an impor-
tant characteristic of the scatterer and is de-
fined by the ratio of the scattered energy flux
to the energy flux of the exciter’s field. The
scattered energy flux is given by the integral
of the energy flux density vector (Umov-
Poynting vector) ( ) ( ), .s sP E H =  
r r r
 The energy
flux of a plane electromagnetic wave is equal
to 0.5. Thus, the scattering cross section
of the strip system considered is determined
by the formula: Im d ,
R
S
S
C
VQ V l
n
∗ ∂
= ∂∫Ñ  where RC
is a circle with the radius R; ( ) ;SS yV E=  n is a
normal to the circle; dl  is the differential of
the arc-length. The radius R is large with re-
spect to the geometrical parameters of the strip
system. Thus, for SV   we can take the expres-
sion for the far zone field defined by the for-
mula (7). Now we turn to the derivative in
direction n: .S
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∂
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Fig. 2. Dependence of   |A(θ)|  on polar angle for the system with the frequency parameters 1 = 0.1,χ  :2 = 0.08χ
) ;a k = 2.5ρ  )b k = 5ρ
At first, we consider the partial derivatives:
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tain the asymptotic expression
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It is easy to see that the expression in the square
brackets is the same as that given above for ( )A θ
(7), so that the scattering cross section can be
found using the formula:
22
cos cos
2 2
10 20
0
1 d
8
k ki iQ e e
k
ρ ρpi
− θ θ
≈ ϕ + ϕ θ =
pi ∫
2 2
10 20
1
4k
= ϕ + ϕ +
10 20 10 20 02(Re Re Im Im ) ( ) .J k + ϕ ϕ + ϕ ϕ ρ 
In the case when one of strips is absent
10 20( 0 or 0),ϕ = ϕ =  we have the expression:
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which is the same as for a single strip (cf. [4]
and [1]).
The next electromagnetic characteristic of a
scatterer is the scattering coefficient. It is defined
as the ratio ,Q Sσ =  where S denotes the pro-
jection of the scatterer on the perpendicular line
to the direction of the plane wave propagation.
For the two-segment system shown in Fig. 1
we have
( )1 0 1 2 0 22 sin( ) sin( ) ,S a a= θ + α + θ + α
where 0θ  lies in the interval
arctan , arctan ,
as as
ac ac
 
pi − ρ − ρ + 
here
1 1 2 2sin sin ,as a a= α + α
1 1 2 2cos cos .ac a a= α − α
In Fig. 3 the numerical results are presented for
the following frequency parameters: 1 0.08,χ =
2 0.06,χ =  0.18kρ =  1 2, .6 4
pi pi 
α = α =  
Fig. 3. Dependence of the scattering coefficient on
angle θ
0
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5. Conclusion
An asymptotic approach to investigation of
the vectors of the electromagnetic field scattered
by the system of strip is developed. It is based
upon a solution of the systems of integral equa-
tions for the transverse and longitudinal current
densities. The expressions for the main electro-
magnetic characteristics are deduced. The meth-
od described in this short paper has many advan-
tages, one of which is its simplicity. Another fea-
ture is that it is quite general and can be used for
arbitrary number of strips.
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ÝºåŒòðîìàªíŁòíßå ıàðàŒòåðŁæòŁŒŁ
ïðîæòåØłåØ æŁæòåìß ïîºîæîŒ
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òŁ÷åæŒŁå âßðàæåíŁÿ äºÿ ïºîòíîæòŁ ïðîäîºü-
íßı Ł ïîïåðå÷íßı ïîâåðıíîæòíßı òîŒîâ. ˛íŁ
ÆßºŁ óæïåłíî ïðîâåðåíß ïðåäåºüíßì ïåðå-
ıîäîì Œ îäíîØ ºåíòå Ł ïîçâîºÿþò Łææºåäîâàòü
ŒàŒ àíàºŁòŁ÷åæŒŁ, òàŒ Ł ÷Łæºåííî âçàŁìîâºŁ-
ÿíŁå ºåíò. ˝à îæíîâå ýòŁı âßðàæåíŁØ íàØäå-
íß àæŁìïòîòŁ÷åæŒŁå âßðàæåíŁÿ äºÿ ïîºÿ â
äàºüíåØ çîíå, ïîïåðå÷íîªî æå÷åíŁÿ ðàææåÿíŁÿ
Ł ŒîýôôŁöŁåíòà ðàææåÿíŁÿ. ˇîºó÷åííßå àíà-
ºŁòŁ÷åæŒŁå âßðàæåíŁÿ äîæòàòî÷íî ïðîæòß Ł
óäîÆíß äºÿ ÷Łæºåííßı ðàæ÷åòîâ.
¯ºåŒòðîìàªí‡òí‡ ıàðàŒòåðŁæòŁŒŁ
íàØïðîæò‡łî¿ æŁæòåìŁ æòð‡÷îŒ
.ˆ †. ˚îłîâŁØ
˜îæº‡äæåíî îæíîâí‡ åºåŒòðîìàªí‡òí‡ ıà-
ðàŒòåðŁæòŁŒŁ íàØïðîæò‡łî¿ íåŒîìïºàíàðíî¿
æŁæòåìŁ âóçüŒŁı æòð‡÷îŒ ç ïàðàºåºüíŁìŁ
ŒðàÿìŁ. ´îíŁ îòðŁìàí‡ íà îæíîâ‡ ìåòîäó
‡íòåªðàºüíŁı ð‡âíÿíü ç âŁŒîðŁæòàííÿì ºî-
ŒàºüíŁı ŒîîðäŁíàòíŁı æŁæòåì. ˝àâåäåíî
àíàº‡òŁ÷í‡ âŁðàçŁ äºÿ ªóæòŁíŁ ïîçäîâæí‡ı
òà ïîïåðå÷íŁı ïîâåðıíåâŁı æòðóì‡â. ´îíŁ
ÆóºŁ óæï‡łíî ïåðåâ‡ðåí‡ ªðàíŁ÷íŁì ïåðåıî-
äîì äî îäí‡”¿ æòð‡÷ŒŁ ‡ äîçâîºÿþòü äîæº‡äŁ-
òŁ ÿŒ àíàº‡òŁ÷íî, òàŒ ‡ ÷ŁæºîâŁìŁ ìåòîäàìŁ
âçà”ìîâïºŁâ æòð‡÷îŒ. ˝à îæíîâ‡ öŁı âŁðàç‡â
çíàØäåíî àæŁìïòîòŁ÷í‡ âŁðàçŁ äºÿ ïîºÿ ó
äàºüí‡Ø çîí‡, ïîïåðå÷íîªî ïåðåð‡çó ðîçæ‡þ-
âàííÿ òà Œîåô‡ö‡”íòà ðîçæ‡þâàííÿ. ˛òðŁìàí‡
àíàº‡òŁ÷í‡ âŁðàçŁ ” äîæòàòíüî ïðîæòŁìŁ ‡
çðó÷íŁìŁ äºÿ ÷Łæºîâîªî îÆðàıóíŒó.
